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On the Sensitivity of Coupled Resonator Filters
Without Some Direct Couplings

Smain Amari, Member, IEEE, and Uwe Rosenberg, Senior Member, IEEE

Abstract—This paper presents an analysis of the sensitivity
of coupled resonator filters in which some direct couplings are
missing. The effect of changes in the coupling coefficients and
resonant frequencies of the resonators is investigated by directly
computing the gradient of the scattering parameters. It is shown
that structures that are modular in the input-to-output direction
are much less sensitive than those with modularity in the orthog-
onal direction for the same frequency response.

Index Terms—Bandpass filters, elliptic function filters, filter
synthesis, sensitivity.

I. INTRODUCTION

E LLIPTIC and pseudoelliptic function filters are finding
widespread application in modern communication sys-

tems where sharp cutoff skirts are required for efficient use
of an already crowded and limited electromagnetic spectrum.
The sharpness of the cutoff rate of this class of filters stems
from the fact that they exhibit transmission zeros at finite
frequencies in the complex plane. Most of the research efforts
over the last three decades have been focused on finding new
and ingenious ways of implementing topologies that have been
shown to produce specific pseudoelliptic responses. Recently,
a new direction was taken by three research groups. In this
approach, topologies that exhibit specific features were sought
and presented independently and at the same conference by
two research groups using different synthesis techniques [1]
and [2]. Similar structures of order 8 were patented even earlier
by a third group [3]. A salient feature of these new topologies
is the crucial role played by easily accessible filter parameters
such as the resonant frequencies of the resonators. Indeed,
it can be shown rigorously that the return and insertion loss
of these topologies are mirrored with respect to the center of
the passband when the frequency shifts of all the resonators
undergo a sign change while all the other coupling coefficients
are kept unchanged [4]. For some topologies, especially those
of higher orders, this feature may turn out to be a disadvantage.
Such is the case when the frequency shifts in the resonant
frequencies are small in comparison to the bandwidth of the
filter, especially for asymmetric responses. In other words,
if the diagonal elements of the normalized coupling matrix
are much smaller than unity in magnitude, the corresponding
filter may be too sensitive to be of practical value unless the
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resonant frequencies can be controlled very precisely. Other
configurations that are built around a seed, which does not
contain one or more direct couplings, may turn out to be too
sensitive as well, especially when more than two transmission
zeros are to be generated. The sensitivity of “cul-de-sac”
and “box” configurations was investigated in a very recent
report by Cameron et al. [5]. Both Monte Carlo simulation
and selective variations of the coupling coefficients to mimic
temperature effects were carried out on a filter of order 11 with
three transmission zeros. It was concluded that the cul-de-sac
configuration is more sensitive than the box configuration for
the same frequency response [5]. There are, however, a host of
questions yet to be investigated in regards to the sensitivity of
the coupling schemes reported in [1]–[5].

This paper presents an analysis of the sensitivity to random er-
rors in the entries of their coupling matrices of coupling schemes
in which some of the direct couplings are missing. The sensi-
tivity of one, two, or more coupling schemes that implement a
given pseudoelliptic response is determined in order to establish
simple results that may help a designer choose the least sensitive
scheme. It will be shown that some configurations are extremely
sensitive, while others offer sensitivities comparable to those of
traditional configurations such as cascaded triplet sections with
the additional flexibility of zero shifting [4].

II. SENSITIVITY AND GRADIENT EVALUATION

The model used for the set of coupled resonators is the same
as the one described in [6], where the source and load are al-
lowed to couple to more than one resonator and possibly to each
other. The coupling coefficients are assumed frequency inde-
pendent and the resonators are modeled as lumped LC circuits.
This model is expected to be accurate for narrow-band filters
[6].

The synthesis problem consists in determining a coupling ma-
trix whose response meets the specifications of the filter. Under
the assumptions made above, only rational functions of the fre-
quency can be implemented by this model. We, therefore, limit
the class of response functions investigated to those described
by generalized Chebyshev responses [6], [7].

The components of the gradient of the reflection and trans-
mission coefficients with respect to the entries of the coupling
matrix are given by [6]

(1a)

(1b)
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(1c)

(1d)

The scattering parameters are given by

(2a)

(2b)

The matrix is related to the coupling matrix by
, where the matrix is diagonal such that

and otherwise. The matrix
is equal to the unit matrix, except that the first and last

diagonal elements are equal to zero. The normalized frequency
of the low-pass prototype is denoted by . The topology matrix

in (1a)–(1d) is defined by if and
otherwise.

Since the return and insertion loss involve only the magnitude
of the scattering parameters, the following expression is used to
determine the gradient of the magnitude of a complex quantity

in terms of the gradient of :

(3)

where is the real part of a complex number. Once the cou-
pling matrix that satisfies the desired specifications is obtained,
(1)–(3) are used to determine the sensitivities of the topology. A
similar approach was followed in the investigation of the sensi-
tivity of coupled resonator filters with standard topologies and
where the source and load are coupled to only one resonator
each [8].

Although the individual components of the gradients can be
evaluated using the equations given above and examined sep-
arately, in this study, we define two parameters and as
follows:

(4a)

(4b)

These sums correspond to the worst case scenario when all the
errors have their effects added, thereby leading to maximum de-
terioration in the response. The individual terms are determined
from (1a)–(3). In (4a) and (4b), the sums run over all the entries
of the coupling matrix that are not known exactly. In particular,
all shifts in resonant frequencies should be included since these
cannot be determined exactly for any practical situation. Even
for synchronously tuned resonators, the terms corresponding to

, which are themselves zero, should be included in these
sums. On the other hand, some coupling coefficients are known
not to vary for certain implementations and should not be in-
cluded in the summation. This is the case of coupling coeffi-
cients that are known to be exactly zero for a given implemen-
tation despite the effect of any errors such as manufacturing tol-

erances or temperature effects. If symmetry, such as that of the
field distribution of a given mode, is used to force a coupling
coefficient to vanish, the sums should include such a coupling
coefficient.

Although a more common and intuitive definition of the sen-
sitivity would require dividing each of the terms in (4a) and (4b)
by and , respectively, we choose not to in-
clude these terms for several reasons. First, some of the cou-
pling coefficients may be zero (e.g., diagonal elements of syn-
chronously tuned resonators) for the exact coupling matrix and
would not contribute to such normalized sensitivities. In reality,
they have sizable effects on the response of the filter and should
be included. Second, the scattering parameters vanish at reflec-
tion and transmission zeros. At these frequencies, normalized
sensitivities are not well defined. Third, if the normalized sensi-
tivities are needed, they can be straightforwardly calculated fol-
lowing the approach described here. Situations may also arise
where specific groups of coupling coefficients do not vary inde-
pendently.

An examination of the derivatives of the magnitudes of the
scattering parameters may be very useful for specific applica-
tions. For example, it is found that the response of a doublet is
very stable when the coupling coefficients in one branch vary in
the opposite direction to those of the other branch. Large errors
that satisfy this property can be tolerated by this structure. Other
configurations, such as the cul-de-sac configuration, also show
strong resilience to correlated errors in the coupling coefficients
of the main doublet, as will be discussed later. Although these
features can be very important in selecting the proper coupling
scheme, they are case specific and depend on the physical real-
ization of the filter.

III. RESULTS

Several topologies in which some of the direct couplings are
not present have been investigated using the procedure outlined
above. Representative examples, which may be important for
the implementation of dual-mode filters in particular, are now
discussed and compared with other standard configurations. The
examples are chosen to highlight the sensitivity of two classes
of filters. The first class includes filters that are modular in the
input-to-output direction such as cascaded doublets and triplets,
while those in the second class are modular in the orthogonal
direction such as cul-de-sac configurations. Since both of these
classes contain a doublet (or box) as a seed, we first examine a
single doublet.

A. Doublet

A doublet is a two-resonator building block for modular de-
sign of pseudoelliptic filters in which the source and load are
coupled to each of the two resonators. The two resonators are
not coupled to each other [9]. Possible implementations of this
structure involve single-mode resonators, as well as dual-mode
cavities without intra-cavity coupling. The inset in Fig. 1 shows
the coupling and routing scheme of this structure. The dark disks
represent the resonators, while the empty disks show the source
and load. As a specific example, we assume that a doublet is to
be synthesized to produce a generalized Chebyshev response of
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(a)

(b)

Fig. 1. Variation of: (a) K and (b) K against normalized frequency. Solid
lines: doublet. Dashed lines: second order all-pole.

order 2 with a normalized transmission zero at and an
in-band return loss of dB. Applying the synthesis tech-
nique in [6], we get the following coupling matrix:

(5)

To assess the sensitivity of this structure, the parameters and
were computed as a function of the normalized frequency

Fig. 2. Reflection and transmission coefficients versus normalized frequency

 of doublet when the diagonal elements of the coupling matrix undergo random
errors of 10% or less.

and are shown in Fig. 1(a) and (b) (solid lines). The dashed lines
show the corresponding parameters of an all-pole Chebyshev
filter of second order with the same in-band return loss.

It can be clearly seen that , which accounts for the sensi-
tivity of the return loss, is larger for the doublet, but still at ac-
ceptable levels. There is also a substantial increase in the param-
eter of the doublet with respect to that of the second-order
Chebyshev filter, especially in the stopband close to the trans-
mission zero of the doublet. Still, the values of of the dou-
blet are much smaller than those of Chebyshev filters of orders
4 and higher, as will be seen below. Furthermore, the level of
attenuation achievable by this doublet (second-order filter with
a transmission zero at ) are of the order of 20 dB for nor-
malized frequencies in the range of ten. A value of in the
range shown in Fig. 1(b) is not prohibitively large under these
conditions since the corresponding relative change in the trans-
mission coefficient (insertion loss) is not substantial, except in
the close vicinity of the transmission zero of the doublet.

An alternative way to display the sensitivity of the doublet, or
any other structure for that matter, is to investigate the effect of
random errors in the coupling coefficients on the frequency re-
sponse. Fig. 2 shows the response of the previous doublet when
a maximum error of 10% is assumed in the diagonal elements
of the coupling matrix. We limited the variations to only these
coefficients since the transmission zero can be shifted from one
side of the passband to the other one by simply changing their
signs [9]. These results clearly demonstrate that the filter is not
degraded beyond acceptable levels. It is also worth mentioning
that the individual components of the gradient of the scattering
parameters with respect to the entries of the coupling matrix
contain valuable information for fine tuning and even slight ad-
justment by hand on a computer.
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B. Two Cascaded Doublets

The next structure consists of two cascaded doublets with an
additional resonator between the two doublets to preserve the
zero-shifting property. As a specific example, the in-band return
loss is 23 dB and the two transmission zeros are at and

. A coupling matrix that satisfies these requirements is
shown in (6) at the bottom of the following page.

The response of this matrix can be straightforwardly obtained
from (2a) and (2b) and is not shown here. A structure consisting
of two cascaded triplets and giving the same response was also
synthesized for comparative purposes.

To investigate the sensitivity of this coupling scheme, the pa-
rameters and were computed as a function of the nor-
malized frequency and are shown in Fig. 3(a) and (b) as solid
lines. The dashed lines are those of two cascaded triplets giving
the same response.

It is evident from this figure that the sensitivity of two cas-
caded doublets is basically identical to that of two cascaded
triplets over the entire frequency range. Moreover, the doublets
have the additional feature of zero shifting, which can be ex-
ploited for more flexible filter designs. Note that, in this cou-
pling scheme, the pivot resonator (third resonator from the input
in Fig. 3) is loaded with four main couplings. This may slightly
reduce the unloaded- factor of this cavity. Cascaded triplets
have similarly loaded pivot resonators that are coupled to four
resonators, but some of the coupling coefficients are weaker
than those of the cascaded doublets and, hence, have less im-
pact on the cavity’s unloaded -factor.

The sensitivity of more cascaded doublets was also investi-
gated and compared with that of cascaded triplets. It was found
that the two coupling schemes have similar performance in re-
gard to sensitivity.

The structures of the two previous examples are modular in
the input-to-output direction. The following examples examine
the sensitivity of structures, which are modular in the orthogonal
direction.

C. Third-Order Branching Doublet

A branching doublet is a structure where a doublet is used
as a seed to grow other branches that contain resonators. A
third-order version is shown in the inset of Fig. 4. As a specific
example, we first consider a symmetric response with two trans-
mission zeros at 2 and 2 at an in-band return loss of 20 dB.
A coupling matrix that yields this response is

(7)
The corresponding response can be obtained from (2a) and (2b)
and is not shown here.

The variation of the parameters and as a function of
the normalized frequency is shown in Fig. 4(a) and (b) (solid
lines). For comparison, we also included the same parameters

(a)

(b)

Fig. 3. Parameters: (a)K and (b)K of two cascaded doublets (solid lines)
and two cascaded triplets (dashed lines) with the same frequency response
versus normalized frequency.

for an all-pole Chebyshev filter of the same order and in-band
return loss (dashed line).

It is evident that the stopband isolation is much more sensitive
than the Chebyshev response. On the other hand, the in-band
return loss has practically the same sensitivity as a Chebyshev
filter of the same order [see Fig. 4(a)]. The large value of in
the stopband can set a limit on the usefulness of this coupling
scheme, especially when high isolation is required. This is not
the case in the present example where the isolation is around



AMARI AND ROSENBERG: ON THE SENSITIVITY OF COUPLED RESONATOR FILTERS WITHOUT SOME DIRECT COUPLINGS 1771

(a)

(b)

Fig. 4. Parameters: (a) K and (b) K of the third-order branching doublet
(solid lines) and a third-order all-pole Chebyshev filter versus normalized
frequency 
.

Fig. 5. Reflection and transmission coefficient of a fifth-order branching
doublet versus normalized frequency 
. Solid lines: exact coupling matrix.
Dashed lines: �1% error inM .

20 dB in the frequency range shown in Fig. 4. The situation is
illustrated in more dramatic terms by the following example.

D. Fifth-Order Branching Doublet

The topology in this example involves a doublet with
branches out of each of its two resonators, as shown in the
inset of Fig. 5. One branch contains one resonator and the other
contains two resonators. This coupling scheme is slightly more
“exotic” than the cul-de-sac topology presented by Cameron
et al. or Williams et al. [2], [3]. The source and load are also
coupled to more than one resonator, but this is not the case for
the cul-de-sac configuration in [2] and [3].

As a specific example, we consider a response with trans-
mission zeros at , and and an in-band return
loss of 20 dB. The coupling matrix, shown in (8) at the bottom
of the following page, satisfies these specifications. The corre-
sponding response is shown in Fig. 5.

The parameters and as a function of frequency are
shown in Fig. 6. It can be clearly seen that the parameter

(6)
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Fig. 6. Parameters K (dashed line) and K (solid line) of fifth-order
branching doublet. Note the large values ofK in the stopbands.

of this configuration is substantial in the stopbands. As men-
tioned in the previous example, a large value of coupled
with very small values in the magnitude of the transmission co-
efficient lead to extremely sensitive stopbands. In the present
example, the transmission coefficient is in the range of 80 dB
in the vicinity of the two transmission zeros, while is in the
order of two for the same frequency range (cf. Fig. 6). If an
entry in the coupling matrix is erroneous to within 1%, the inser-
tion loss can change by as much as 20 dB. The situation is well
illustrated in Fig. 5 (dashed lines), where the coupling coeffi-
cient between the source and one of the resonators of the doublet
is changed by 1 . This minor change alters the response of
the filter beyond recognition. It follows from this example that
branching doublets (cul-de-sac) may be useful for practical ap-
plications only when small or moderate attenuations in the stop-
bands are required. Designs for high rejection need extremely
precise tuning and, furthermore, an outmost homogeneous be-
havior of all structural filter elements regarding the desired op-
erating environmental conditions. It is also interesting to note

Fig. 7. Response of fifth-order branching doublet. Solid lines: 2% increase
in self-couplings, �2% decrease in all others. Dashed lines: 2% increase in
self-couplings, �1% decrease inM and �2% in all others. The response of
the exact solution is given by the solid line in Fig. 5.

that the return loss is almost unaffected by the 1 change in
the coupling coefficient, which has a dramatic effect on the in-
sertion loss (cf. Fig. 5).

An interesting feature of the previous coupling scheme is its
resilience against correlated changes in some coupling coeffi-
cients. For example, if all the self-coupling coefficients (diag-
onal elements of the coupling matrix) are changed by 2 and
all the other coupling coefficients by 2 , the response is still
acceptable, as shown by the dashed lines in Fig. 7. However, if
one of the coupling coefficients of the main doublet is changed
by an amount that is slightly different from all the other coupling
coefficients, the response is severely degraded, as shown by the
solid lines in this same figure. This response results when all
the self-coupling coefficients are changed 2 , by 1
and all the other coefficients by 2 . In practice, it is virtu-
ally impossible to maintain such a strong correlation between
the changes in the different coupling coefficients; this coupling
scheme may still turn out to be of limited use given the random
nature of the errors in the coupling coefficients.

(8)
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IV. CONCLUSIONS

The sensitivity of coupling schemes for dual-mode and mul-
timode filters without some couplings has been investigated by
analytically calculating the gradient of the magnitudes of the
scattering parameters with respect to the entries of the cou-
pling matrix. Coupling structures, which are modular in the
input-to-output direction (cascaded doublets and triplets), have
been found to be much less sensitive than those modular in or-
thogonal direction (branching doublets, cul-de-sac). The dou-
blet and cascaded doublets are found to have a sensitivity that is
comparable to that of triplets and cascaded triplets for the same
order. Branching doublets (e.g., cul-de-sac) configurations of
order higher than three are found to be too sensitive to be of
practical value, except for responses with low or moderate at-
tenuation in the stopbands. Obviously, other configurations of
higher orders or which include cascading and branching can be
investigated following the same approach.
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